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ABSTRACT

In many regions of sub-Saharan Africa, including Gombe State in Nigeria, cholera is still a major
public health concern. In this region (Gombe State), the likelihood and severity of epidemics are
increased by factors such as inadequate water sanitation, population displacement, and a lack of
adequate healthcare facilities. An extended Susceptible-Infected-Recovered with Contaminated
Water (SIR-C) mathematical model that takes into account the three main control strategies of
water treatment, vaccine, and curative treatment is developed and examined in this work in
response. By incorporating extra treatments specifically designed to address the epidemiological
conditions of Gombe State, the model improves an already-existing foundational framework. The
transmission dynamics of cholera are simulated using a system of nonlinear differential equations,
and important features like disease-free and endemic equilibrium points are investigated
analytically, with an emphasis on the local stability as defined by the basic reproduction number
(Ro). Numerical simulations are used to support the model, and actual outbreak data from June to
December 2022 from the Gombe State Ministry of Health was used to calibrate it. According to
comparative simulations, the integrated strategy dramatically lowers the number of infections,
flattens the epidemic peak, and shortens the outbreak period, while relying alone on water
treatment leads to greater infection peaks and longer epidemic duration. When compared to the
single-intervention scenario, the multi-intervention method lowers the infection count by more
than 50% at the peak (day 60). These results highlight the critical value of combining vaccination
and curative treatment with sanitation efforts. In order to help public health professionals in
Gombe State and other susceptible areas to make well-informed decisions regarding cholera
management, resource deployment, and outbreak preparedness, the study offers a thorough and
context-specific modeling tool that can support public health officials in Gombe State and other
vulnerable regions.
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INTRODUCTION rapidly in areas where sanitation is poor and
clean drinking water is scarce, conditions
common in overcrowded urban slums, refugee
camps, and regions experiencing conflict or
natural disasters (Zhang et al.,2014). This
disease has caused seven major pandemics
since the 19th century, resulting in millions of
deaths worldwide. It remains a significant
global health issue, especially in low-and
middle-income countries with poor public
health  infrastructure. Despite  being

Cholera is a severe and potentially life-
threatening acute diarrheal illness that occurs
when individuals ingest food or water
contaminated with the bacterium Vibrio
cholerae. This pathogen produces a toxin in
the small intestine that triggers massive fluid
loss through diarrhea, often leading to
dehydration, shock, and, if left untreated,
death within hours. The disease spreads
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preventable and treatable, cholera continues to
affect many due to factors such as inadequate
water supply, limited healthcare access, and
lack of health education (WHO, 2010, 2014).

Cholera is believed to have originated in the
Indian subcontinent, particularly around the
Ganges River delta, where it had been
endemic for centuries. The first recorded
pandemic began in 1817, spreading from India
to Southeast Asia, America (Andrews & Basu,
2011, Ashliegh et al. 2011, Rasmussen &
Mglbak, 2014), the Middle East, and East
Africa (Frerichs, 2005). The second pandemic
(1829-1837) reached FEurope and the
Americas, while the third pandemic (1846—
1860), the deadliest, furthered cholera’s global
impact. During this time, British physician
John Snow discovered the connection between
contaminated water and cholera transmission
during an outbreak in London in 1854, laying
the foundation for modern epidemiology
(Snow, 1855). The current seventh pandemic
began in 1961 in Indonesia, driven by the El
Tor biotype, and continues to affect regions
worldwide, especially areas facing conflict and
displacement (WHO, 2018, 2019).

Cholera was first reported in Africa in the 19th
century, mainly introduced through European
colonial trade routes. The continent faced
significant outbreaks during the seventh
pandemic, particularly starting in the 1970s
(Cappasso & Paveri, 1973), with countries like
the Democratic Republic of Congo,
Mozambique, and Zimbabwe (Mukandavire et
al. 2011and Onuorah et al. 2022) experiencing
major epidemics. Africa remains vulnerable to
cholera due to poor sanitation, lack of clean
water, and weak healthcare infrastructure
(Gaffga, Tauxe, & Mintz, 2007).
Humanitarian crises, such as those in Somalia,
South Sudan, and Ethiopia, have worsened the
disease’s spread in recent years.
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In Nigeria (Figure 1), cholera has been a
recurrent health issue since the 1970s, often
peaking during the rainy season. Significant
outbreaks have occurred in 1991, 2010, and
most recently in 2021, with over 100,000
cases and thousands of deaths reported
(Nigeria Centre for Disease Control (NCDC,
Fatima et al., 2014)). Nigeria's urban slums
and internally displaced persons (IDP) camps
are particularly vulnerable due to overcrowd
living conditions and poor hygiene. Northern
Nigeria is especially affected, as factors such
as poverty, limited access to clean water, and
ongoing security challenges contribute to the
spread of cholera. States like Borno, Yobe,
and Adamawa face the greatest challenges,
with the Boko Haram insurgency displacing
millions and creating conditions that facilitate
the spread of waterborne diseases. During the
2018 outbreak in Borno State, over 10,000
cases were reported, primarily among
displaced populations (UNICEF).

In Gombe State, located in the northeastern
region of Nigeria (Figure 1 and 2), cholera has
also posed a serious public health threat over
the years. Recurrent outbreaks have been
documented, often coinciding with the rainy
season when water sources become
contaminated. Factors such as inadequate
access to clean water, poor sanitation
infrastructure, and population displacement
from neighboring conflict-affected states, and
limited healthcare facilities have contributed
to the persistence of cholera in Gombe State.
Notably, the 2021 national outbreak impacted
Gombe State significantly, highlighting
systemic vulnerabilities in water management,
public health preparedness, and disease
surveillance. Previous research has shown that
integrated approaches such as combining
vaccination campaigns, improved water
treatment, and timely medical treatment are far
more effective in controlling cholera outbreaks
than isolated interventions (Feng et al., 2017).



By incorporating all these elements, a more
robust and realistic model can be developed,
offering a clearer understanding of how
different strategies interact and contribute to
cholera control. Such models would be more
useful for policymakers and health authorities
in Gombe State and other regions, as they
would provide evidence-based
recommendations for deploying resources and
implementing control measures in a way that
maximizes their effectiveness. In conclusion,
addressing these gaps geographic applicability,
context-specific modeling, and the integration
of multiple control strategies will be key to
developing a more comprehensive and
relevant model for cholera control in Gombe
State. This will help to ensure that the model
can effectively guide interventions, reduce
cholera transmission, and ultimately improve
public health outcomes in the region.
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Given this persistent threat, there is a critical
need to enhance existing models of cholera
dynamics by incorporating  targeted
intervention strategies suited to the realities of
Gombe State. Previous works by Andam et al.
(2015) on Modeling Cholera Dynamics with a
Control Strategy in Ghana developed a
foundational framework to understand and
mitigate cholera spread using water only as the
basic control measure. However, to address
the unique challenges faced in Gombe State, it
is necessary to adapt and extend their model
by considering additional control strategies
such as vaccination and curative treatment.
These interventions are crucial for a more
comprehensive  and  realistic  modeling
approach that can inform more effective public
health responses, particularly in regions facing
complex humanitarian and infrastructural
challenges.
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Figure 2: Map of Gombe State with its
Local Government Areas (LGAs).
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Mathematical Model of SIR-C constant. This extension will assess the
effectiveness of water treatment, vaccination,
and curative treatment as control strategies.
The model is based on the following
assumptions: water sanitation leads to the
death of Vibrio cholerae in the aquatic
environment; water treatment, vaccination,
and curative treatment are the primary control
strategies considered; other interventions are
not included; human birth and death rates
occur at different rates; and cholera is a short-
duration disease with low mortality. The
variables and parameters used in the model are
outlined below as follows:

In this section, we extend the SIR
epidemiological model developed by Andam
et al. (2015), incorporating water treatment,
vaccination, and curative treatment as control
strategies, while assuming unequal human
birth and death rates. Water treatment is
considered a primary control measure due to
its crucial role in mitigating cholera outbreaks,
with vaccination and curative treatment
introduced as additional strategies to reduce
disease transmission and enhance recovery.
Moreover, in the work of Andam et al. (2015),
we introduce a new compartment to the model
representing the concentration of Vibrio  (S(¢), I(¢) R(¢)) are susceptible, infected and

cholerae in water at a given time, dengted recovered individual at time ¢ and N total
as C(7) . The cholera model now combines population. C(¢)is the concentration of Vibrio

human population dynam'ics and  cholerae in the water supply at time ¢, while

population, N =S+ +R , assumed to remain  explicitly in Table 1]
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Figure 3: Simplified Schematic Diagram Depicting the Cholera model
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Figure 3 shows the flowchart representing the
SIR-C cholera transmission model
incorporating  three  control  strategies:
vaccination (v), curative treatment (®), and
water sanitation (0). The model assumes that
susceptible individuals (S) are recruited
through birth at rate (BN) and become infected
(I) upon exposure to contaminated water, with
the force of infection governed by

-,uS—vS—iS.
K+C

DOI: 10.64290/bimagombe.v9i2A.1140

Vaccination reduces the susceptible population,

while curative treatment aids recovery.
Infected individuals contribute to the
environmental  concentration of  Vibrio

cholerae (C) at rate ( @ ), and bacterial loss
occurs through natural decay (¢) and water
treatment (6). The total population is
considered approximately constant, but human
birth and death rates are unequal. Cholera is
assumed to have a relatively short infectious
period and low mortality.

Based on the assumptions and analysis, the following dynamical systems are derived:

ds &C

—=pN—-uS——=—85-1§, 1

dt PN =15 K+C o

dl eC

—= S—y -l -aol, 2

a Keco MM @)

dC

—=al-0C—¢C, 3

7 @C A3)
with the conditions

S(0)=N(0),1(0)>0,C(0)>0. 4)
In addition, we have the equation for the R compartment (recovered individuals),

62—1: =y - R+ a(t)l +v(t)S .
Even though this equation is not needed in the model analysis. This is because;

R=N-S-1,

dR

— =y —uR. 5

s MR )

SOLUTION OF THE DYNAMICAL SYSTEM

Equation (3) can be reduced to linear form as follows:

dC

E+AIC=0dwhere,A1 =(0+¢). (6)
We also assume at early time ¢,

It=1,. (7)
Therefore, on substituting equation (7) into equation (6), we have:

%+A1C:alo, (8)
which is now a linear differential equation with integrating factor IF= EI Al g
Multiply equation (8) by the integrating factor (IF) = e™, we have;

%(C(z)ef"f) =al,e™ . 9)
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Integrating equation (9) we have:

j %(CeAlt)dt =al, j eMdt,

74
C(t)e™ = L0 et v K (10)
Al
where K; is the constant of integration, and on simplifying equation (10), we have
al
Cty=—L+K,e™", (11)
Al
Applying the initial conditions given in equation (4), we have:
C, =%+Kl, which implies that, K, = C, -0 (12)

1 1
On substituting equation (12) into (11), we obtain the solution of the concentration of Vibrio
cholerae in the water supply at time ¢ as:

al, aly | _4
C@) = A1 {CO 4 }e . (13)
Now, for the solution to the equation (1) and (2), we consider the initial conditions given by:

S()=N,
(Since infection has barely started) and the concentration C, is approximately small. Therefore, we
approximate the nonlinear term of equation (1) and (2) as:

c C

K+C K’
(since, C << K initially).
Then the approximate form of equation (1) and (2) can be written as:

Vs -5, (14)
a’l é‘CN
— + @) -l . 15
- g e (15)
Now on substituting equation (13) and (15), into (2) we have:
dl &V al aI — At
—+(y+p)l= +| Cy — ", 16
7 (r+u) KLI { AJ } (16)
£+A I=A4,+A,e" 17)
dt
Nal, 74
where A4, =(y+ u+w), A, _?f e A4—§N N
KA, K 4,
Equation (17) is linear in I(t), therefore using the /F = eI B e

Multiply equation (17) through by e*' we have,
%(I(t)e”lzt) = [A3 + A4e_A1t J e,
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i]teAzt t=\(4, + A,e ™ ™ dt,
[ e = fla, + et

A A
I(t) =2 +—2 e L K =" where K, is a constant. (18)
Az (Az - A])
Applying the initial condition in equation (4), yields:
4, 4, : : 4, 4,
I, =—+ + K, implies that K, =/, ——+————. (19)
Az Az _Al Az (Az _Al)
Putting K, into (18) we obtain the number of infected individuals at time # as follows:
A A A A
It)="2+—"—e M4 e -2t 4 o (20)
Az Az - Al Az (Az - A])
To obtain the number of susceptible individuals at time t, we put equation (13) into (14) to have,
ds EN | al, a, || -
—+(u+VS=BN-Z-| =24| C)— =L |, 21
di (L+v) B K|:A1 (0 Alj:| (21)
c:;—f +(u+v)S =4, +A,.e ™, (22)
7
where 4, = ﬂN—ﬁaIO, Ay __N C, S
KA, K 4
Equation (22) is linear in S(t), hence we use the integrating factor
IF= e_[(#“))f” _ o (23)

Multiply equation (22) by equation (21), we have
di(S(t)e(,u-H))t): [As +A6efAltk(,u+u)t,
t

) PR s

S()e ™ = A [ e dt + Ag [ dt + K. (24)
On simplifying equation (24), we have
A A
S(t) — 5 + 6 e(ﬂ+v—AI)t +Kse—(,u+v)t. (25)

u+v (u+v—A4)
Applying the initial condition S(0) = N, we have:

A A
N = 4, - A +K,, where K; =N— > — . . (26)
p+v  (u+v—-4) p+v  (u+v—4)
On substituting K into (25), we obtain:
S(t)= 4 + 4 e 4 Ne )t — A e A g (27)
u+v (u+v-4) H+v (u+v-4)

where the values of 4, 4,, 4,,..., 4 are explicitly defined in their first appearance.
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Stability  Analysis of the Positive

Equilibrium Points of the Model

We consider the steady state of the model in
equations (1-3) where the solution of
particular interest will have non-negative
populations ( S(¢) , I(t) , C(¢) ) which shows
that the system (1-3) has equilibrium points of
the form S(¢) >0, I(z)>0, C(¢)>0 . We also
assume that the parameters in Table 1 are non-
negative. Regarding the vector field and the
steady state of the model in equations (1-3),
we can easily obtain the equilibrium points by
the usual examination of the nullclines, that is,
the curves along S(¢)=0 I(t)=0
and C(¢) =0.

9 9

We study the model based on the biological
knowledge where the system is regarded to be
in the region

Q={(5(),1().C() e R}

Here, we present a comprehensive analysis of
the stability characteristics associated with the
equilibrium points of the proposed model. A
thorough  analytical investigation  was
conducted to examine the behavior of the
system near these critical points. To assess the
stability of the model, we analyzed the system
of ordinary differential equations (1-3) that
govern the dynamics of the model in a similar
fashion as in (Cheng, et al. 2012; Eustace et al.
2018; Jin & Tien, 2011).

The analysis focuses on identifying and
examining two biologically meaningful non-
negative equilibrium points. The first is the
disease-free  equilibrium  (DFE), which
represents a scenario where the infection has
been eradicated from the population;
mathematically, this corresponds to the
condition where the number of infected
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individuals is zero, that is, / = 0. The second
is the endemic equilibrium (EE), which
characterizes a steady state in which the
disease persists within the population at a
constant level, implying that/ # 0.

The local and/or global stability of each
equilibrium point is determined using suitable
mathematical tools such as the Jacobian matrix,
eigenvalue analysis, and relevant stability
theorems as done in (see, Mohammad &
Salisu 2012; Nkuba & Stephen 2015; and
Nyaberi & Malonza 2019). This helps to
understand under what conditions the disease
will die out or persist in the population over
time.

Theorem 1.1: Equations (1-3) show that the
endemic equilibrium point of the dynamical
system is globally asymptotically stable

if R, <1, and unstable otherwise.

Existence and stability of the endemic
equilibrium

Theorem 1.2: If every eigenvalue of the
Jacobian matrix evaluated at the equilibrium
point has a negative real part, then the
equilibrium point of the differential equations
in (1-3) is stable. If at least one of the
eigenvalues has a positive real part, the
equilibrium point is unstable.

Proof.

In order to study the asymptotic
behavior of the model in equations (1-3), we
find the Jacobian matrix of the model, then
substitute the equilibrium point or fixed point
obtained into the Jacobian matrix and
determine their eigenvalues as shown below.
To complete the proof we see that, at the
equilibrium point we have,
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das dl dC 0

@G A (28)

dt dt dt
We therefore equate equations (1)-(3) to zero (0), that is,

&CS
PN —uS XiC v§S=0, (29)
&C

K+CS A—ul —ol =0, (30)

al —8C—pC=0. 31)
At the disease-free equilibrium (DFE), there =~ we simplify the system under the assumption
are no infections present in the population; of a disease-free state. This substitution allows
therefore, the infected population, 7 =0. us to analyze the dynamics of the remaining
Substituting this condition into Equation (31), compartments and facilitates the determination

of the stability of the disease-free equilibrium,

0-0C—-pC=—(0-p)C=0, (32)

= (C =0, giventhat, s —p#0.
Putting C=0 into equation (29) we obtain

S= Np . (33)

u+v

Hence, there exists a disease-free equilibrium (DFE) point, denoted by:

(S,.1,,C,)= (N—ﬂ,o,oj = ¢&,, where 1p=0, Co= 0. (34)

U+v

These values represent the population  dynamics of the system by representing the
distribution in the absence of disease, and they = partial derivatives of each equation with
are critical for analyzing the local stability of  respect to the system's variables. By analyzing
the DFE using techniques such as the Jacobian  the eigenvalues of this Jacobian matrix at the
matrix and the basic reproduction number  disease-free equilibrium, we can determine the
Ro . nature of the equilibrium point. If all
eigenvalues have negative real parts, the
disease-free equilibrium is locally
asymptotically stable, meaning that any small
deviation from this equilibrium will decay
over time and the system will return to the
disease-free  state. Conversely, if any
eigenvalue has a positive real part, the
equilibrium is unstable and the disease may
invade the population. The Jacobian matrix of
the system in equations (1)-(3) is given by:

To investigate the stability of the disease-free
equilibrium, we proceed by linearizing the
system of the differential equations (1)—(3)
around the disease-free equilibrium point. This
approach allows us to examine the behavior of
small perturbations near the equilibrium state.
Specifically, we compute the Jacobian matrix
of the system evaluated at the disease-free
equilibrium. The Jacobian captures the local

8
J(S,1,C) = % (35)

where
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eC
= BN — S ——2=—§ v,
Ji=PN i K+C
eC
=———8S—y —ul -l 36
L= oSTHH (36)
fi=al —6C—oC.
We compute the partial derivatives of f,, f,, f;respectively as follows:
Gy C
oS K+C
Y2y, (37)

ol
o __ &, &s

oC  K+C (K+O)7

oS K+C’

of,

Yoy, 38
o THT® (38)

o _ & , &S
oC K+C (K+C)*

% _,
oS
%,
_= a’ 39
p: 39)
%,
——=-0-0¢.
aC v
On substituting equations (37)-(39) into the Jacobian matrix, we have;
- &C _y 0 - N &CS :
K+C K+C (K+C)
JSLO= S ypee S SE )
K+C K+C (K+0C)
0 a -0—-¢
Therefore, we evaluat_e the Jacobian matrix at the equilibrium point;
(SO,IO,CO):(ﬂ—N,O,Oj, (41)
U

and hence we get
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_u—v 0 PN
uC
N
J(S09[O’C0): 0 -~V H—-O ﬂ . (42)
uC
0 a -0—¢

The characteristic equation of the Jacobian matrix (42) is given as follows:

det(J(S,,1,,C,)— A1), (43)
where [ is the identity matrix of appropriate dimension and A is the roots of the characteristic
equation, and hence equation (43) becomes:

SpN

—u— 0 _5r

=V C

N
(S0t C)=2ll=| 0 ypmw LT, (44)

0 a -0—-@

which implies that;

N

(—ﬂ—v—ﬂ{(—7—ﬂ—w—l)(—5—(p—i)—%}=0- (45)

Therefore, from equation (45), we observe that the characteristic equation of the Jacobian matrix
has three roots, and hence;

A =—p—v. (46)
Therefore, the remaining two roots will be determine using the quadratic formula

(5-petrsnrol (6-prty ol —lo-oly o) ]
A = 5 (47)
Doy = _(5_(/”'(7"‘:“"‘w))i\/(5_¢+(7+2ﬂ+w))2 ~do-plrrurali-R) 4o
Ry = e (49)

K (8 =)y + 1+ o)

According to Andam et al. (2015), R, is the basic reproductive number in epidemiology
represents the average number of secondary cases generated by a single infectious case over the
duration of its infectious period. Now suppose

§—9<0,if R <1, wehave, 45 —p)y+uf1-R,)>0. (50)
Therefore,

(é‘—(o+(;/+y+a)))2 45—y +u+ow)l-R,)< (§—q0+(7/+,u+a)))2. (51)
This implies that
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VG-p+(r+u+0)f ~4(5-p)y+u+@)i-R,)<(6-p+(r+u+0)). (52
Hence, it can be deduced from equation (48) that;

1 <~B-p+(rrpra) (G-g+(r+p)

23 S 5 2 ; (53)
ﬂaS—@—¢+g+u+w»+®—¢+%+ﬂ+w», (54)
<2 O=0tlrutra) E-p+lr+u+o) (55)

Based on the analysis, it is observed that all
the eigenvalues (or roots of the characteristic
equation) have negative real parts when the
basic reproduction number Ry is less than 1,
that is, Ro<l. This indicates that the disease-
free equilibrium point is locally asymptotically
stable under the condition Ro<l, meaning that
any small perturbation from the equilibrium
will decay over time, and the system will
return to the disease-free state. This
established the proof of theorem1.2.m

Theorem 1.3: The dynamical system (1-3) has
a disease-free equilibrium point that is locally

asymptotically stable if Ry<l, and unstable
otherwise.

ds_dr_dc_,

dt dt dt

Existence and stability of the endemic
equilibrium

The endemic equilibrium of the system of
equations (1)—(3) will be determined under the
condition where the disease persists in the
population. We now proceed to analyze the
existence and stability of the endemic
equilibrium of the model. To do this, we
examine the system at equilibrium, beginning
from equation (28), which forms the basis for
deriving the steady-state conditions under
which the disease remains present in the
population, that is,

We therefore equate equations (1)-(3) to zero (0) to have the following:

_sC
K+C

Al —l =0,

BN —uS -

&C
K+C
ol —5C—C =0.
From equation (58)
al —6C —pC =0,
al =(5-¢)C =0,

-v§=0,

c:a_l_
-9
Also, from equation (57)
&C
——— Sy —-pul -l =0,
K+C A
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K—JFCS—(J/—AHCO)I»

y+u+o)l. (60)

Again, from equation (56)

PN =S == (gc ~v§=0,

§C j
N — S| u+ +v |=0. 61
B (ﬂ e (61)
We then substitute S from equation (60) into equation (61), and simplify as follows:
K+C &C
IN ———\y+u+o)l| u+ +v|=0,
B (v +u+o) [u o C J

&C
B K+C K+C>< &C &C
PN (7/+,u+a))( i M+ i K+C+VK+CJ’ (62)
ﬂN—(;/+,u+a))I(K§—C(,u+v)+1]=0. (63)
We also substitute C from equation (59) into (63), and simplify as follows:
al
K+ C
BN —(y+ u+o)l %(u+v)+l =0,

-1
ﬂN—(7+,u+v)]{(%+é](,u+v)+l}=0, (64)
gy - rur K@E—g)utv) rproluevyo oy

cal S
ﬁN_(7+#+a’)H§(5—(P)(ﬂ+V)_(7/+ﬂ+w) ((ﬂ M, j_o
a
PNEa—(y + pu+o)K(6 —p)u+v)— (7/+y+a))]§0{('u+v) j ,  (65)
PNEa—(y + p+ )K (S —p)u+v) =y + u+ o)la((u+v) +£) =
PNEa—(y + p+ 0)K (S ) p+v) (66)
(v +u+o)al(u+v)+¢)
Purportedly, for I >0, we have
PNEa —(y + u+ 0)K(5 - p)u+v), (67)
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(68)

where the Basic Reproductive number, R, is given as

PNSa

(r +u+ @)K - p)u+v)

The analytical results reveal that a positive
endemic equilibrium a steady-state solution
where the disease remains present in the
population at a constant, non-zero level exists
if and only if the basic reproduction number
Ro exceeds 1, that is, when Ro >1. This
threshold condition (Ro>1) is both necessary
and sufficient for the existence of the endemic
equilibrium. In other words, the disease will
not persist in the population unless Ro>1, and
whenever Ro>1, a stable endemic state is
guaranteed to exist.

Furthermore, this condition holds true
regardless of the specific values of the system
parameters, provided all parameters remain
non-negative, which 1is consistent with
biological and epidemiological realism since
parameters such as transmission rates,
recovery rates, and natural death rates cannot
be negative.

R, =

Therefore, it can be concluded that the
endemic equilibrium is locally asymptotically
stable whenever the basic reproduction
number Ry  is greater than one. This means
that if the disease is introduced into a
population where Ro>1, and if the system
starts close to the endemic equilibrium, it will
naturally evolve back to that equilibrium over
time. Thus, the disease will persist and
stabilize at a constant level rather than dying
out.
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NUMERICAL SIMULATIONS AND
DISCUSSION OF RESULTS

In this segment to evaluate the effectiveness of
various public health interventions, the
analytic solutions (see, equations 13, 20, 27)
of the model under different control strategies
was stimulated, including water treatment
alone and a more comprehensive approach
combining water treatment, vaccination, and
curative treatment. The simulations examine
the evolution of key epidemiological variables
susceptible individuals, infected individuals,
recovered  individuals, and  pathogen
concentration over time. Additional analyses
investigate the model’s behavior under high-
risk transmission conditions, characterized by
increased exposure to contaminated water and
elevated bacterial contribution from infected
individuals. Furthermore, a validation scenario
without vaccination or treatment is included to
benchmark the model against the original
formulation. The results are presented through
a series of comparative plots, each
highlighting the distinct impact of the control
strategies on disease progression, recovery,

and environmental contamination. These
visualizations provide a foundation for
understanding the role of integrated

intervention strategies in controlling cholera
outbreaks more effectively.
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Table 1: Parameter values used in the cholera model (Hntsa and Kahsay, 2020).

Parameter Symbol

Description

Value

Unit

B (beta)
p (mu)

€ (epsilon)
v (gamma)

a (alpha)

0 (delta)

¢ (phi)

K (kappa)

v (v rate)

T (tau rate)

N
1(0)

S(0)

C(0)

Birth rate of the
population
Natural death rate
of individuals
Rate of exposure to
contaminated water
Recovery rate of
infected individuals
Contribution of
each infected
person to the
pathogen
concentration
Death rate of V.
cholerae due to
water treatment
Natural death rate
of V. cholerae in
water
Half-saturation
constant for
exposure
Vaccination rate of
susceptible
individuals
Curative treatment
rate of infected
individuals
Total human
population
Initial number of
infected individuals
Initial number of
susceptible
individuals
Initial pathogen
concentration in
water

0.02

0.01

0.5 (default), 1.5
(high risk)

0.1

0.2 (default), 0.6
(high risk)

0.1

0.05

1000000

0.01

0.05

5612
1000

9,000

50

per day
per day
per day
per day

unit/pathogen

per day

per day

unit/pathogen

per day

per day

Individuals
Individuals

Individuals

unit/pathogen
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Table 2: Time-Based Numerical Validation of Cholera Infection Dynamics Under Single
and Multi-Intervention Strategies

S/N  Time (days) Andam etal. (2015) Present Study Difference
1 0 0 0 0

2 10 300 150 150
3 20 800 400 400
4 30 1400 800 600
5 40 2000 1000 1000
6 50 2400 1100 1300
7 60 2600 1250 1350
8 70 2500 1000 1500
9 80 2100 700 1400
10 90 1500 300 1200
11 100 800 100 700

The results presented in the validation Table 2
offer a clear and compelling comparison
between the outcomes of the present study and
those of Andam et al. (2015) in modeling
cholera infection dynamics. It tracks infected
population levels over a period of 100 days at
10-day intervals, highlighting the influence of
different control strategies on the progression
of the epidemic. The model by Andam et al.
(2015), which utilizes only water treatment as
an intervention, shows a rapid escalation in
cases, peaking at approximately 2,600 infected
individuals around day 60. In contrast, the
present study, which integrates water
treatment with vaccination and curative
treatment, results in a significantly lower peak
of about 1,250 infected individuals at the same
time point. Notably, at each interval, the
number of infected individuals in the present
study is markedly lower than in the Andam et
al. (2015) model. For instance, at day 40, the
Andam et al. (2015) model records about
2,000 cases compared to only 1,000 in the
present study a reduction of 50%. This gap
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widens further by day 70 and beyond,
reflecting the compounded effect of multi-
intervention strategies in accelerating outbreak
control. Moreover, the present study achieves
a quicker decline in infections, reducing the
infected population to near-zero by day 100,
while the Andam et al. (2015) model still
reflects a considerable number of active cases
(approximately 800) at that point.

This numerical validation underscores the
advantage  of  incorporating  multiple,
complementary control strategies in epidemic
modeling. The present study demonstrates
superior effectiveness in reducing both the
magnitude and duration of the outbreak,
ultimately confirming that a multi-pronged
approach leads to faster containment, lower
infection burden, and better public health
outcomes. The findings validate the enhanced
SIR-C model’s applicability in real-world
settings like Gombe State and affirm its
potential utility as a planning tool for public
health interventions.
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Table 3: Cholera cases in Gombe state center for infectious disease and leprosy control in
Zambuk Covering the 11 local governments from June to December (2022).

Location June July Aug. Sept. Oct. Nov. Dec. Total
Akko 208 84 32 26 18 19 33 420
Bajoga/Nafada 194 96 96 14 12 11 22 445
Balanga 203 94 94 15 10 21 20 457
Billiri 232 103 103 17 13 18 18 504
Dukku 235 94 94 10 19 8 21 481
Funakaye 280 78 78 15 23 9 27 510
Gombe 213 97 97 14 15 12 20 468
Kaltungo 233 98 98 21 17 17 27 511
Kwami 220 98 98 19 10 19 28 492
Shongom 214 119 119 16 11 14 20 510
Yamaltu/Deba 290 125 29 0 2 0 17 463
LGA
Akko
300 ~- Bajoga/Nafada
~+ Balanga
=+ Billiri
~+— Dukku
~+- Funakaye

- Gombe
Kaltungo
Kwami

=+~ Shongom

—+ Yamaltu/Deba

500\

r~
=
=3

—
&
=

Number of Cases

100

§ ¢
Month

Figure 4: Monthly Distribution of Cholera Cases Across Gombe State LGAs (June—Dece. 2022).

275



BEAL (1
IFIE]

o 10T

The line graph in Figure 4 illustrates the
monthly distribution of cholera cases across
the 11 Local Government Areas (LGAs) of
Gombe State from June to December 2022. A
clear pattern emerges showing that the
outbreak was more severe in June, with nearly
all LGAs reporting their highest case numbers
during that month. Notably, Yamaltu/Deba
recorded the peak incidence with 290 cases,
followed closely by Funakaye and Dukku.
This widespread spike in June suggests a state-
wide outbreak or environmental conditions
highly conducive to cholera transmission
during that period. Following June, a
significant decline in cholera cases is observed
across most LGAs. For example, Akko
dropped from 208 cases in June to just 32 in
August, indicating effective intervention
measures or natural containment. While this
downward trend was consistent in several
areas, some LGAs, such as Billiri, Kaltungo,
and Balanga, maintained relatively stable and
moderately high case numbers between July
and October. These sustained levels suggest
localized challenges in controlling the
outbreak, possibly due to persistent risk
factors or inadequate health infrastructure. By
November and December, the graph shows
that the outbreak had largely subsided in most
LGAs. Yamaltu/Deba, for instance, reported
zero cases in September and November,
reflecting a temporary halt in transmission.
However, Kaltungo and Shongom stand out as
exceptions, with both areas continuing to
report moderate levels of infection until the
end of the year. This persistence indicates
potential gaps in containment efforts or
environmental conditions that sustained the
transmission longer than in other regions.

Therefore, the graph reveals a cholera
outbreak that peaked in June and generally
declined over the subsequent months, with
varying rates of reduction across the LGAs.
While many areas successfully reduced cases,
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a few continued to experience significant
transmission, highlighting the need for
targeted public health responses in those
specific locations.

The alarming surge in cholera cases across the
11 Local Government Areas of Gombe State
between June and December 2022, as reflected
in the reported data, highlights the urgent need
for a systematic and predictive approach to
understanding and managing the outbreak. The
pattern of infections marked by a severe peak
in June followed by irregular declines suggests
that various environmental, behavioral, and
intervention-related factors are at play.

This is where a mathematical model becomes
crucial. Mathematical models provide a
structured framework for capturing the
transmission dynamics of cholera by
incorporating key elements such as the
susceptible population, infected individuals,
environmental bacterial concentration,
recovery rates, and intervention effects. These
models help simulate different scenarios and
forecast the course of the outbreak under
various control strategies. In particular, they
allow health authorities to answer critical
"what-if" questions for example, what would
happen if vaccination coverage were increased,
or how quickly a water sanitation campaign
could suppress bacterial concentration (Hntsa
and Kahsay, 2020).

In light of the persistent and widespread nature
of the outbreak in Gombe State, the
mathematical model proposed by Andam et al.
(2015) becomes especially relevant. The
model was originally developed to study
cholera  transmission  dynamics  with
environmental factors and interventions such
as water sanitation and treatment. However, to
address the unique socio-environmental and
epidemiological context of Gombe State, it
was necessary to adapt and extend the Andam
et al. (2015)s’ model. The extension integrates



the impact of combined interventions
specifically, water vaccination programs and
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curative treatments which were not explicitly
addressed in the original formulation.

8000

6000

4000

Population / Pathogen Level

2000

0

— Susceptible (Validation)
= |nfected (Validation)
Pathogen (Validation)

0 20 40

~ 6 & 100

Time (days)

Figure 5: Model Validation: Susceptible, Infected, and Pathogen Trajectories with Zero
Additional Controls.

Figure 5 illustrates the wvalidation of the
temporal progression of the three core
components of the cholera transmission model
susceptible individuals, infected individuals
and the concentration of Vibrio cholerae in the
environment. In this simulation, no additional
interventions such as vaccination or curative
treatment are implemented; instead, the model
reflects a baseline scenario in which the only
control mechanism is water treatment, and
disease progression follows its natural course.
This setup is particularly important because it
provides a reference point against which the
impact of more comprehensive control
strategies can be measured. The dynamics
shown in the graph demonstrate the inherent

limitations of relying solely on water
sanitation. ~ The  susceptible  population
gradually decreases as more individuals
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become infected over time due to ongoing
exposure to contaminated water. The infected
population rises sharply to a peak, indicating
the onset of an outbreak, and only slowly
declines thereafter, showing the prolonged
impact of infection in the absence of targeted
interventions. Meanwhile, the concentration of

pathogens in the environment remains
elevated for an extended period, reflecting
sustained  contamination from infected

individuals and the slow decay of bacteria
despite water treatment efforts. Overall, this
graph validates the baseline structure of the
model with only water as a control. It serves as
a critical benchmark for assessing the
effectiveness of additional control strategies in
subsequent simulations and highlights the
need for integrated public health responses to
effectively suppress cholera outbreaks.
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Figure 6: Impact of Water Treatment Alone Versus Combined Control Strategies on Cholera
Infections

The plotted graph in Figure 6 illustrates the
comparative dynamics of cholera infections
under two different control strategies. The red
dashed line represents the original model by
Andam et al. (2015), where only water
treatment is employed as a control measure. In
this Figure, the number of infected individual
increases rapidly at the onset, indicating a
swift spread of the disease following exposure
to contaminated water. The peak of infections
is relatively high and the decline is gradual,
suggesting that while water treatment helps, it
is not sufficient to bring the epidemic under
control quickly. Infections persist in the
population for a longer duration, which
implies sustained environmental
contamination and ongoing transmission.

In contrast, the blue solid line incorporates
additional interventions vaccination and
curative treatment alongside water control.
This combined approach results in a
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significantly lower and earlier peak in the
number of infected individuals. The decline in
infections is more rapid, demonstrating the
effectiveness of vaccination in reducing the
susceptible population and of treatment in
speeding up recovery. Consequently, the
outbreak is controlled more efficiently, and the
overall number of infections is markedly
reduced. This suggests that integrating
multiple control strategies has a synergistic
effect on curbing the spread of cholera.
Therefore, the results from the Figure indicate
that while water treatment plays an essential
role in managing cholera, its impact is limited
when used in isolation. The addition of
vaccination and curative treatment not only
lowers the infection burden but also shortens
the epidemic duration, highlighting the
importance of a comprehensive and
coordinated public health response in the
control of cholera outbreaks.
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Figure 7: Comparative Analysis of Model Components under Water-Only and Combined Control
Strategies

The graph in Figure 7 presents a detailed
comparison of cholera dynamics under two
scenarios: one with only water treatment, and
the other with a comprehensive intervention
that includes water treatment, vaccination, and
curative treatment. It tracks the trajectories of
three key components of the disease model
susceptible individuals (S), infected
individuals (I), and pathogen concentration in
the environment (C) over time.

In the susceptible population curves, the green
dashed line (water control only) shows a
gradual decline as more individuals become
infected over time. In contrast, the bright
green solid line (full control) declines more
sharply initially due to the additional effect of
vaccination, which moves individuals directly
out of the susceptible pool without infection.
This demonstrates the preventive capacity of
vaccination in reducing the at-risk population
from the onset, thereby narrowing the window
for widespread transmission. The infected
population curves show the most striking
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difference. Under water control only (deep red
dashed line), infections surge rapidly to a
higher peak and take a long time to decline.
This indicates that water treatment alone,
while useful, is not sufficient to control the
outbreak swiftly. In contrast, the full control
scenario (bright red solid line) results in a
significantly lower peak and a much faster
decline. The combination of vaccination and
treatment limits both the number of new
infections and the duration of infectiousness,
effectively flattening and shortening the
epidemic curve. This reflects a more robust
and timely suppression of the outbreak. The
pathogen concentration in water follows a
similar pattern. The orange dashed line (water-
only control) remains high for an extended
period, implying ongoing contamination due
to untreated infected individuals. Meanwhile,
the bright orange solid line (full control)
shows a quicker and lower peak, with a faster
reduction in environmental contamination.
This is due to the reduced number of infected
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individuals contributing Vibrio cholerae to the
water supply and the continued efficacy of
water treatment.

Therefore, the results in Figure 7 illustrate the
substantial added value of incorporating
vaccination and treatment alongside water
control. Not only do these interventions
protect uninfected individuals and hasten
recovery, but they also reduce environmental
contamination, which is a major transmission
route for cholera, as suggested by Usamani et
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al. (2021). The full control strategy leads to a
shorter outbreak, fewer infections, and a faster
return to normalcy, making it a more effective
and sustainable approach to epidemic
management. These findings highlight the
importance of a multi-faceted public health
response in addressing waterborne diseases
like cholera, particularly in resource-limited
settings where outbreaks can escalate quickly
without comprehensive control measures.
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Figure 8: Effect of Control Strategies on Recovered Individuals in the Population

Figure 8, represents the plot of the recovered
individuals over time provides important
insight into the long-term effectiveness of the
control strategies used to manage cholera. It
highlights the contrasting recovery outcomes
between the scenario using only water
treatment and the more comprehensive
approach that combines water treatment,
vaccination, and curative treatment. In the case
of water treatment alone (represented by the
dashed purple line), recovery occurs steadily
but relatively slowly. Since no vaccination is
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employed and treatment is limited to
environmental sanitation, infected individuals
recover at a natural rate, which prolongs the
time they remain infectious. This results in a
slower accumulation of recovered individuals.
The curve rises gradually, and it takes a longer
time to reach a plateau, reflecting the
persistent presence of the disease in the
population. On the other hand, the combined
control strategy (solid violet line) leads to a
more rapid and pronounced increase in
recovered individuals. This is primarily due to



the inclusion of curative treatment, which
shortens the duration of infection and
accelerates recovery. Additionally, vaccination
reduces the number of individuals who ever
become infected, indirectly boosting the
relative proportion of the population that
transitions to the recovered state through early
intervention. As a result, the recovery curve
under full control climbs more quickly and
reaches a higher plateau in a shorter time span.
The overall shape of the recovery curves
reveals how quickly a population can achieve
partial or full immunity after an outbreak,
which is critical in stopping the spread of
cholera. A faster increase in recovered
individuals contributes to reducing the
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susceptible population and slows down
transmission. In this context, the full control
strategy not only prevents new infections but
also promotes a swifter restoration of public
health by facilitating quicker recovery.
Therefore, the graph confirms that while water
treatment plays a key role in limiting
environmental exposure, the integration of
vaccination and treatment is essential for
accelerating recovery, limiting the burden of
disease, and reducing the overall duration and
impact of the epidemic. This supports the case
for adopting multi-pronged control measures
in real-world cholera prevention and response
strategies.
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Figure 9: Susceptible and Infected Population Dynamics with and without Control Interventions.

The plot in Figure 9 compares the trajectories
of susceptible and infected individuals over
time under two different intervention
strategies: water treatment only and a
combined strategy including water treatment,
vaccination, and curative treatment. The
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purpose of this comparison is to understand
how these strategies influence the spread and
containment of cholera in the population.

In the case of susceptible individuals, the
dashed green line (water-only control) shows a
gradual decrease in the susceptible population.



This decline is due to the fact that susceptible
individuals are exposed to the bacteria and
become infected over time. Since no
vaccination is applied in this scenario, the only
way individuals exit the susceptible class is
through infection. As a result, the decline is
slow and continues for a longer period, leaving
a large portion of the population vulnerable for
an extended time. On the other hand, the solid
green line (full control) shows a steeper and
more rapid decline in the susceptible
population. This is primarily due to the
addition of wvaccination, which removes
individuals from the susceptible class before
they have a chance to be infected.
Consequently, the pool of individuals at risk is
reduced quickly, which plays a critical role in
limiting the spread of the disease. The
difference is even more pronounced in the
infected population curves. The dashed red
line (water-only control) indicates a sharp
increase in infections shortly after the
introduction of Vibrio cholerae, followed by a
slow decline. The high peak and prolonged
presence of infected individuals reflect the
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limited effectiveness of water treatment alone
in controlling the epidemic, especially when
initial exposure is high. In contrast, the solid
red line (full control) shows a much lower
peak of infection and a significantly faster
decline. The rapid drop is a result of curative
treatment, which reduces the duration of
infection, and vaccination, which prevents
many individuals from becoming infected in
the first place. This leads to a much shorter
outbreak period and reduces the overall burden
on the population and healthcare systems. In
essences, the plot clearly demonstrates the
superior effectiveness of a comprehensive
control strategy. While water treatment helps
by reducing environmental transmission, it is
not enough to control cholera quickly or
completely. Adding vaccination and curative
treatment significantly reduces the number of
susceptible and infected individuals, curtails
the spread of the disease, and accelerates the
resolution of the outbreak. These findings
support the importance of integrated
approaches in managing cholera epidemics as
also pointed out by Wang and Modnak, (2011).

8000 |

6000

Population

4000

2000 |

== Susceptible (Water only, High Risk)
- Susceptible (Full control, High Risk)

== Infected (Water only, High Risk)

= |nfected (Full control, High Risk)

--------

60 80 100

Time (days)

282



BEAL (1
IFIE]

o 10T

& Bima Journal of Science and Technology, Vol. 9(2A) Jun, 2025 ISSN: 2536-6041 %

DOI: 10.64290/bimagombe.v9i2A.1140

Figure 10: Susceptible and Infected Population Dynamics under High-Risk Environmental
Conditions

Figure 10, illustrates the cholera outbreak
dynamics under conditions of high exposure to
contaminated water and high environmental
contribution from infected individuals. These
high-risk conditions intensify the transmission
potential of the disease, leading to rapid spread
if not properly controlled (see, Usmani et al.
2021). The graph compares two intervention
strategies: one using only water treatment and
the other combining water treatment with
vaccination and curative treatment.

In the case of the susceptible population, the
dashed green line representing water treatment
only shows a steep and continuous decline.
This indicates that in the absence of
vaccination, nearly all individuals eventually
become infected due to the elevated risk of
exposure. On the other hand, the solid green
line, which represents the full control strategy,
demonstrates a more moderate decline in
susceptibility. This is because vaccination
effectively removes individuals from the pool
of those at risk, slowing down the infection
process and preserving a larger proportion of
the population as uninfected. The contrast is
even more significant in the infected
population curves. The dashed red line, which
represents infections under water control only,
rises sharply to a high peak and remains
elevated for a longer duration. This prolonged
and severe outbreak is a consequence of both
the high infection rate and the constant
addition of bacteria into the environment by
infected individuals. In contrast, the solid red
line representing the full control scenario
shows a substantially lower and shorter-lived

peak in infections. The combination of
vaccination and treatment limits new
infections and accelerates recovery, thus

reducing the overall burden and duration of
the outbreak. Overall, the results emphasize
that in high-risk environments, water treatment
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alone is not enough to contain a cholera
outbreak.  The full control strategy
significantly mitigates the impact by reducing
susceptibility, shortening infectious periods,
and minimizing environmental contamination.
This demonstrates the importance of
implementing a comprehensive approach that
combines multiple interventions to effectively
manage and control cholera epidemics,
especially in vulnerable settings.

CONCLUSION

The results of this study unequivocally
demonstrated that, when it comes to
controlling and managing cholera epidemics in
Gombe State, Nigeria, the combined use of
water treatment, vaccination, and curative
therapy is far more effective than using water
treatment alone. In addition to reaffirming
well-established theoretical concepts, such as
the crucial role that the basic reproduction
number (Ro) plays in determining outbreak
persistence, the study illustrated the usefulness
of a holistic control approach in a real-world
setting by expanding the conventional SIR-C
model to incorporate multiple intervention
strategies. According to the expanded model,
water treatment can only lessen environmental
pollution, but it is insufficient on its own,
particularly in high-risk, resource-constrained
environments like Gombe State where access
to sanitary facilities, clean water, and
healthcare is irregular.

The models demonstrated that in addition to
suppressing the peak number of infections,
combining water treatment with vaccination
campaigns and prompt curative treatment
accelerated the reduction in active cases and
the recovery of the impacted population. In

order to avoid recurrent outbreaks and
secondary  transmission, the integrated
approach more effectively reduced the



pathogen burden in the environment. These
results highlight the synergistic impact of
multifaceted interventions and confirm that
simultaneous deployment is preferable to
sequential or isolated control measure
application. Furthermore, this study highlights
how crucial it is to modify epidemiological
models to account for the distinct
environmental, infrastructure, and
demographic features of a given area. The
extended SIR-C framework, in contrast to
generic models, was specially modified to
account for the cholera dynamics in Gombe
State, including the impact of seasonal rainfall,
insurgency-related displacement, and
deficiencies in the state's health infrastructure.
The model's prediction accuracy and relevance

were greatly improved by this
contextualization, which also provided useful
advice  for  legislators and  medical

professionals. The model's effectiveness as a
decision-support tool is further supported by
the fact that it was successfully validated using
actual epidemic data from Gombe State (see
Table 3). It gives strategic planning a
mathematical basis, allowing health authorities
to model different intervention scenarios, more
effectively distribute resources, and predict the
results of public health initiatives. By doing
this, the study adds to the increasing amount
of evidence that mathematical modeling is a
fundamental ~ component of  epidemic
preparedness and response, especially in
situations when empirical data alone might not
be enough to direct prompt and -efficient
measures. All things considered, this study not
only contributes to the theoretical knowledge
of cholera dynamics but also offers practical
advice for bolstering epidemic management
initiatives in Gombe State and other
susceptible areas.
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